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B E L L C O M M .  I N C  
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SUBJECT: Correc t ions  t o  t h e  Patched 
Conic Ca lcu la t ion  of Apollo 
T r a j e c t o r i e s  - C a s e  310 

MEMORANDUM FOR FILE 

I.  In t roduc t ion  

DATE: September 11, 1 9 7 0  

FROM: L. P. Gieseler 

Mission a n a l y s i s  and s y n t h e s i s  f o r  Apollo-type e a r t h -  
moon t r a j e c t o r i e s  are r o u t i n e l y  done us ing  a patched-conic approach. 
This  type  of  c a l c u l a t i o n  i s  used  because it i s  much f a s t e r  than 
t h e  c a l c u l a t i o n  of p r e c i s i o n  i n t e g r a t e d  t r a j e c t o r i e s .  I n  t h i s  
memorandum t h e  errors inhe ren t  i n  t h e  patched-conic approximation 
are determined, and are presented i n  g r a p h i c a l  form. The AV 
costs f o r  a mission designed by us ing  a patched conic  a n a l y s i s  
can be co r rec t ed  by adding t h e  appropr i a t e  c o r r e c t i o n s  from t h e  
graphs.  

Correc t ions  are determined by comparing a patched con ic  
and an i n t e g r a t e d  t r a j e c t o r y ,  w i t h  both s u b j e c t  t o  t h e  Same con- 
s t r a i n t s .  These c o n s t r a i n t s  are s imi l a r  t o  those  used i n  a 
mission a n a l y s i s  program, and are d iscussed  more f u l l y  i n  t h e  
nex t  s e c t i o n .  Two types  of  e r r o r s  a r e  determined: 

1. Errors  caused by neg lec t ing  the  a t t r a c t i o n  of t h e  
moon o u t s i d e  t h e  moon's sphere of i n f l u e n c e  ( M S I ) ,  
and t h e  a t t r a c t i o n  o f  t h e  e a r t h  i n s i d e  t h e  M S I .  
( A s  a r e s u l t  of these  assumptions, t h e  geometry of 
t r a j e c t o r i e s  ca l cu la t ed  by t h e  two methods w i l l  be 
somewhat d i f f e r e n t . )  

2 .  Errors  caused by using a v e l o c i t y  impulse (AV) 
r a t h e r  than a f i n i t e  powered f l i g h t  a r c .  The l a t t e r  
w a s  determined f o r  t h e  l u n a r  o r b i t a l  i n s e r t i o n  ( L O I )  
burn only.  However, t h e  r e s u l t s  can a l s o  be used t o  
correct t r a n s e a r t h  i n j e c t i o n  ( T E I )  AV c o s t s .  

11. Geometrical E r r o r  

A. Descr ip t ion  of t h e  Tra j ec to ry  

A t y p i c a l  non-free r e t u r n  t r a j e c t o r y  i s  shown i n  
F igure  1. The nominal t r a n s l u n a r  t r a j e c t o r y  i s  represented  
by curve ABC. A t  C an LO1 burn would normally p u t  t h e  CSM/LM 
i n t o  a c i r c u l a r  or e l l i p t i c a l  o r b i t ,  a f t e r  which t h e  LM sepa- 
rates and descends t o  the  l u n a r  su r f ace .  I f  t h e  s p a c e c r a f t  
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propuls ion  system should f a i l  t o  i g n i t e ,  t h e  v e h i c l e  coasts f o r  
t w o  hours  t o  p o i n t  D ,  where a burn us ing  t h e  Descent Propuls ion  
System (DPS) p l a c e s  t h e  veh ic l e  on an o r b i t  which has t h e  proper  
e a r t h  r e e n t r y  cond i t ions  (Curve D E F ) .  Both patched conic  and 
i n t e g r a t e d  t r a j e c t o r i e s  a r e  shown i n  t h e  f i g u r e .  

Three q u a n t i t i e s  were cons t r a ined  t o  have t h e  same 
va lue  f o r  t h e  t w o  types  of c a l c u l a t i o n s .  They w e r e :  

1. Per igee  d i s t a n c e  of bo th  t r a n s l u n a r  and a b o r t  p o r t i o n s  
of t h e  t r a j e c t o r y .  

2. Angular l o c a t i o n  of p e r i s e l e n e  ( e p  of F igure  1) 
r e l a t i v e  t o  t h e  earth-moon l i n e .  

3. O r i e n t a t i o n  of the p lane  of t h e  hyperbola a t  p e r i -  
s e l e n e  r e l a t i v e  t o  t h e  l u n a r  o r b i t a l  p lane .  

I n  a d d i t i o n ,  it was assumed t h a t  t h e  p e r i s e l e n e  a l t i -  
tude  of t h e  approach hyperbola equaled t h e  a l t i t u d e  of t h e  l u n a r  
park ing  o r b i t  and t h a t  no plane change was r equ i r ed  t o  t r a n s f e r  
f r o m  one o r b i t  t o  t h e  o t h e r .  A v e l o c i t y  impulse (AV) w a s  used f o r  
t h e  LO1 and abort  burns i n  both types  of  c a l c u l a t i o n s  f o r  t h e  

' determina t ion  of t h e  geometr ical  p o r t i o n  of  t h e  e r r o r .  For L O I ,  
t h e  AV w a s  app l i ed  a t  p e r i s e l e n e  and p a r a l l e l  b u t  oppos i t e  t o  
t h e  v e l o c i t y  vec to r .  For t h e  abort  case, a two-diminsional 
op t imiza t ion  w a s  used t o  e s t a b l i s h  t h e  abort  AV d i r e c t i o n .  

A r e fe rence  s e t  of t r a j e c t o r i e s  w a s  f i r s t  generated.  
These t r a j e c t o r i e s  were loca ted  e n t i r e l y  i n  t h e  moon's o r b i t a l  
p l a n e ,  and an average earth-moon d i s t a n c e  w a s  used. The geo- 
c e n t r i c  energy of t h e  t r ans - luna r  p o r t i o n  of t h e  t r a j e c t o r y  w a s  
v a r i e d ,  producing t r a j e c t o r i e s  of d i f f e r e n t  f l i g h t  t i m e s  and 
LO1 and abort  AV's. Addit ional  in format ion  about t h i s  se t  of 
t ra jector ies  w i l l  be found i n  Appendix I and Table  I .  

Deviat ions from t h e  r e fe rence  set  w e r e  produced i n  
t w o  ways. 
a maximum value  ( 1 . 1 7  x l o 9  and 1.33 x lo9 f t ,  r e s p e c t i v e l y ) .  
A l s o  t h e  d i h e d r a l  angle  (DLh) between t h e  s e l e n o c e n t r i c  hyper- 
bola and t h e  moon's o r b i t a l  p l ane  w a s  changed from zero t o  1 5  
and 30 degrees .  
tories w a s  produced. 

The earth-moon d i s t a n c e  w a s  changed t o  a minimum and 

I n  t h i s  way a t o t a l  of n ine  sets of trajec- 

Errors  w e r e  obtained by c a l c u l a t i n g  t h e  patched con ic  
t r a j e c t o r y  f i r s t .  
w a s  ob ta ined  by us ing  t h e  same p o s i t i o n  v e c t o r  a t  p e r i s e l e n e ,  

The corresponding i n t e g r a t e d  t r a j e c t o r y  
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and t h e  same d i r e c t i o n  of t h e  p e r i s e l e n e  v e l o c i t y  vec to r .  The 
t r a j e c t o r y  was then  r e t a r g e t e d  t o  t h e  correct c o n s t r a i n t s  f o r  
t h e  t r a n s l u n a r  and abort  t r a j e c t o r i e s  by vary ing  t h e  p e r i s e l e n e  
v e l o c i t y  magnitude and t h e  abor t  AV. By t h i s  procedure t h e  
p l ane  of t h e  l u n a r  park ing  o r b i t  w i l l  have t h e  same o r i e n t a t i o n  
r e l a t i v e  t o  t h e  moon f o r  both c a l c u l a t i o n s .  Errors  w e r e  d e t e r -  
mined by simply d i f f e r e n c i n g  t h e  va lues  of t h e  LO1 and a b o r t  
AV obta ined  i n  t h e  two ways. Because of t h e  symmetry of t h e  
t r a n s l u n a r  and t r a n s e a r t h  t r a j e c t o r i e s  t h e  errors determined 
f o r  t h e  LO1 maneuver may be app l i ed  t o  t h e  T E I  maneuver as w e l l  
by us ing  appropr i a t e  va lues  f o r  t h e  d i h e d r a l  angle  and energy. 

B.  Resul t s  

Figure 2 shows how t h e  error  i n  LO1 and T E I  AV v a r i e s  
a s  a func t ion  of t h e  geocen t r i c  energy of t h e  t r a n s f e r  o r b i t  and 
t h e  d i h e d r a l  angle  of t h e  l u n a r  hyperbola  r e l a t i v e  t o  t h e  e a r t h -  
moon plane.  The e r r o r  va r i e s  from about  75 f p s  a t  an energy of 
-10 x 1 0  f t  /sec2 t o  less than 4 0  f p s  a t  an energy of 
-6 x 1 0  f t  /sec . The patched con ic  c a l c u l a t i o n  g ives  a AV 
which is  less than t h e  i n t e g r a t e d  c a l c u l a t i o n .  

6 2  
6 2  2 

Figure 3 i l l u s t r a t e s  t h e  r e s u l t s  ob ta ined  f o r  t h e  
e r r o r  i n  a b o r t  AV. The r e s u l t s  have been expressed i n  terms 
of pe rcen t  of t h e  a c t u a l  a b o r t  AV r equ i r ed  s i n c e  t h i s  va lue  
v a r i e s  from zero f o r  a f r e e  r e t u r n  t r a j e c t o r y  t o  a maximum of 
2000 f p s ,  t h e  approximate DPS a b o r t  c a p a b i l i t y .  For inp lane  
t r a j e c t o r i e s  (DLh = 0 )  t h e  e r r o r  i s  about  -5% or  -100 f p s  f o r  
a AV of 2000 f p s .  
r equ i r ed  abort  AV which i s  g r e a t e r  t han  t h e  i n t e g r a t e d  calcu-  
l a t i o n .  The e r r o r  f o r  t r a j e c t o r i e s  having DLh = 15' is  about 
h a l f  of t h e  e r r o r  a t  DLh = 0 ,  and t h e  error a t  DLh = 30' becomes 
very  s m a l l .  T o  compensate for  t h i s  e r r o r ,  t h e  upper AV l i m i t  
of a patched conic  mission a n a l y s i s  program should be s e t  from 
0 t o  1 0 0  f p s  g r e a t e r  than  t h e  desired AV l i m i t ,  depending 
p r i m a r i l y  on t h e  va lue  of DLh. 

L O 1  and abort  AV e r r o r s  w i l l  be found i n  Appendix I .  

The patched conic  c a l c u l a t i o n  g ives  a 

Addi t iona l  d i scuss ion  of bo th  

111. Powered F l i g h t  Error,  Lunar O r b i t a l  I n s e r t i o n  ( L O I )  

f i n i t e  burn f o r  t h e  LO1 maneuver i s  t o  a l a r g e  e x t e n t  decoupled 
from t h e  geometr ica l  error d iscussed  i n  Sec t ion  11, and can be 
considered s e p a r a t e l y .  F i g u r e  4 i l l u s t r a t e s  a t y p i c a l  p r o f i l e  
f o r  both i n t e g r a t e d  and impulsive LO1 maneuvers. For t h e  i n t e -  
g r a t e d  t r a j e c t o r y  (shown as a s o l i d  l i n e  i n  t h e  f i g u r e )  t h e  
i n i t i a l  weight (WGTI)  and  t h e  s p e c i f i c  impulse (Isp) equaled 

The error made by us ing  v e l o c i t y  impulse r a t h e r  than  a 
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102,350 l b s  and 313.9 sec, r e s p e c t i v e l y .  A f i x e d  v e h i c l e  a t t i -  
t ude  i n  i n e r t i a l  space w a s  used. A measure of t h e  f u e l  used 
i s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  AVc, de f ined  by t h e  equa t ion  

AVc = 32.2 I loge (E ) SP 

where WGTF i s  t h e  f i n a l  weight. 

For t h e  impulsive maneuver t h e  v e h i c l e  i s  assumed t o  
t r a v e l  a long t h e  approach hyperbola u n t i l  p e r i s e l e n e  i s  reached. 
This  i s  shown as a d o t t e d  l i n e  i n  Figure 4 .  A t  p e r i s e l e n e  t h e  
a p p l i c a t i o n  of a v e l o c i t y  impulse (AV) i s  assumed. The t w o  
trajectories t o  be compared both s t a r t  a t  t h e  i g n i t i o n  p o i n t  
on t h e  approach hyperbola and t e rmina te  when t h e  s t a t e  v e c t o r  
equa l s  t h a t  r equ i r ed  f o r  the  Lunar Parking O r b i t  (LPO) .  I t  can 
be seen from t h e  f i g u r e  t h a t  t h e  pa th  of t h e  f i n i t e  burn i s  
very  nea r  t h e  pa th  of t h e  approach hyperbola u n t i l  p e r i s e l e n e  
of t h e  approach hyperbola i s  reached. A t  p e r i s e l e n e  t h e  impul- 
s ive  AV i s  app l i ed ,  whi le  t h e  f i n i t e  burn cont inues  f o r  an 
a d d i t i o n a l  9 degrees  of  cen t r a l  angle .  The f i n i t e  burn a l s o  
r equ i r ed  more maneuver t i m e  than t h e  impulsive approximation. 

s e l e n o c e n t r i c  energy o f  f o u r  approach hyperbolas  are l i s t e d  i n  
Table 11, toge the r  wi th  corresponding va lues  of t h e  maneuver 
t i m e ,  t h e  c e n t r a l  ang le ,  and t h e  va lue  of AV. I t  can be seen  
t h a t  t h e  c o r r e c t i o n  t o  be added t o  t h e  impulsive maneuver varies 
from 1 9 0  t o  173 sec f o r  maneuver t i m e ,  from 9 .6  t o  8.7 degrees  
f o r  c e n t r a l  angle ,  and from +15.4 t o  +11.1 f p s  f o r  AV. 

The t i m e  of f l i g h t  from pe r igee  t o  p e r i s e l e n e  and t h e  

A s  i n  Sec t ion  11, t h e  above cons ide ra t ions  regard ing  
t h e  L O 1  burn can be assumed t o  apply t o  t h e  T E I  burn a l s o .  The 
same c o r r e c t i o n s  can  be used f o r  bo th  burns.  

I V .  Summary and Conclusions 

The error  made by approximating an Apollo t r a j e c t o r y  
by a patched conic  can be divided i n t o  t w o  p a r t s ,  a geometr ica l  
e r r o r  i n h e r e n t  i n  t h e  patched con ic  approximation, and a 
powered f l i g h t  error, due t o  approximating a f i n i t e  burn by a 
con ic  arc and a v e l o c i t y  impulse. For t h e  LO1 and T E I  burns 
t h e  patched conic  c a l c u l a t i o n  i s  t o o  low. 
from 40  t o  75 f p s  f o r  t h e  geometrical e r r o r ,  and from 15  t o  11 f p s  
f o r  t h e  powered f l i q h t  e r r o r ,  making a t o t a l  e r r o r  of from 55 
t o  86 f p s .  

The e r r o r  v a r i e s  
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The geometr ica l  e r r o r  a lone  w a s  c a l c u l a t e d  f o r  t h e  
a b o r t  maneuver. For  f r e e  r e t u r n  t ra jector ies  t h e  a b o r t  AV i s  
zero and there i s  no e r r o r .  For non-free r e t u r n  t r a j e c t o r i e s  
t h e  abort  AV rises t o  2000  f p s  (approximately t h e  maximum DPS 
abort  c a p a b i l i t y )  and the  patched conic  c a l c u l a t i o n  g i v e s  va lues  
t h a t  are too h igh  by a maximum of about  1 0 0  fps .  S ince  t h e  
conic  c a l c u l a t e d  va lue  i s  higher  than  t h a t  a c t u a l l y  r equ i r ed  
the  l i m i t  set  f o r  t r a j e c t o r y  des ign  should be b i a sed  h igh .  

2 0 13-LP G- s l r  

Attachments 
Appendix I 
Tables 1-11 
Figures  1 - 4  

L.  P .  Gieseler 
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APPENDIX I 

I n s i g h t  i n t o  t h e  d i f f e r e n c e s  between patched conic 
and i n t e g r a t e d  t r a j e c t o r i e s  may be obta ined  by comparison of  
t h e  va lues  of s e v e r a l  common t r a j e c t o r y  parameters .  These 
comparisons may be made w i t h  t h e  a i d  of t h e  d a t a  given i n  
Table 11. 

T i m e  of f l i g h t  from t r a n s l u n a r  i n j e c t i o n  t o  p e r i s e l e n e ,  
a b o r t  AV r equ i r ed ,  LO1 AV requi red  and energy data are l i s t e d .  
The conic  and i n t e g r a t e d  t r a j e c t o r i e s  be ing  compared a r e  both 
t a r g e t e d  t o  match p e r i s e l e n e  p o s i t i o n  and a l t i t u d e  and l u n a r  
hyperbola i n c l i n a t i o n .  For the  r e f e r e n c e  se t ,  t h e  hyperbola  i s  
i n  t he  Earth-Moon p lane ,  the a l t i t u d e  of p e r i l u n e  i s  60 nm and 
t h e  angular  p o s i t i o n  of p e r i l u n e  measured from t h e  Earth-Moon 
l i n e ,  €Ip,  i s  va r i ed .  Values for  BP are g iven  i n  o rde r  of  i n -  
c r e a s i n g  va lue  i n  t h e  t a b l e .  The patched con ic  t ra jector ies  
c o n s i s t e n t l y  r e s u l t  i n  shorter t i m e s  of f l i g h t  w i t h  t h e  error 
i n c r e a s i n g  as t o t a l  t i m e  of f l i g h t  i n c r e a s e s .  The conic  LO1 
AV c o s t s  are a lso c o n s i s t e n t l y  l o w  w i t h  t h e  error again i n c r e a s -  
i n g  a s  t i m e  of f l i g h t  i nc reases .  T h e  errors i n h e r e n t  i n  t h e  
patched con ic  c a l c u l a t i o n s  can be ascribed p r i m a r i l y  t o  t h e  
motion of t h e  v e h i c l e  i n  the  v i c i n i t y  of t h e  M S I ,  where both  
t h e  ear th  and t h e  moon have a l a r g e  i n f l u e n c e  on t h e  motion. 
A vehicle i n  a t r a j e c t o r y  with high energy w i l l  t r a v e r s e  t h i s  
reg ion  qu ick ly ,  and accordingly there should be less e r r o r .  

The error i n  abor t  AV i l l u s t r a t e d  i n  Figure 3 does 
n o t  show a d e f i n i t e  r e l a t i o n s h i p  w i t h  energy. T h i s  can be 
expla ined  by t h e  f a c t  t h a t  t h e  a b o r t  p o r t i o n  of t h e  t r a j e c t o r y  
i s  inf luenced  n o t  only by t h e  c h a r a c t e r i s t i c s  of t h e  pos t -  
a b o r t  t r a j e c t o r y ,  b u t  also by t h e  pre-abor t  t r a j e c t o r y  which 
c o n t r o l s  t h e  s ta te  v e c t o r  a t  t h e  a b o r t  p o i n t .  A s  shown i n  
columns 6 and 7 of Table I1 t h e  energy of t h e  optimum a b o r t  
t r a j e c t o r y  i n c r e a s e s  w h i l e  t h e  energy of t h e  pre-abor t  t r a j e c -  
t o r y  decreases .  
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